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Abstract: 

In this paper, we used the proposed Tan-Cot function method for establishing a traveling wave solution to 
Burger's equations. The method is used to obtain new solitary wave solutions for various types of 
nonlinear partial differential equations such as, one -dimensional Burgers, KDV-Burgers, coupled 
Burgers, and the generalized time delayed Burgers ' equations. Proposed method has been successfully 
implemented to establish new solitary wave solutions for Burgers nonlinear PDEs. 
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I. INTRODUCTION 

Many phenomena in many branches of sciences such as physical, chemical, economical and biological 
processes are described by Burgers equations which provide the simplest nonlinear model of turbulence . The 
existence of relaxation time or delay time is an important feature in reaction diffusion and convection diffusion 
systems. The approximate theory of flow through a shock wave traveling is applied in viscous fluid [1]. Fletcher 
using the Hopf-Cole transformation [2] gave an analytic solution for the system of two dimensional Burgers' 
equations. Several numerical methods such as algorithms based on and implicit finite-difference scheme 
[3].Soliman [4] used the similarity reductions for the partial differential equations to develop a scheme for 
solving the Burgers' equation. High order accurate schemes for solving the two-dimensional Burgers' equations 
have been used [5].The variational iteration method was used to solve the one-dimensional Burgers and coupled 
Burgers' equations [6]. Anwar et al [1] used the Tanh method for the multiple exact complex solutions of some 
different kinds of nonlinear partial differential equations, and new complex solutions for nonlinear equations 
were obtained. 

This paper is to extend the Tan- Cot function method to solve four different types of nonlinear 
differential equations such as the Burgers, KdV-Burgers, coupled Burgers and the generalized time delayed 
Burgers' equations given respectively by [1,7,8] 

u,. + a u u x — cq Ujq; = 0, (1) 
lit +aii 11^ - oo + fiu^ = 0, (2) 
14 -q^ +2 ULLx +o(ut) k = , (3) 
v,-v H f2vv x + p(uv) I =0 < (4) 
t Utt + Ut + p u a u K - u JIK = (5) 

Where ;e , (3, a>, and u are arbitrary constants. 

II. TAN-COT FUNCTION METHOD 

Consider the nonlinear partial differential equation in the form 

F(u,u t ,u 3 ,ii r u tt ,^ n ,i^ !r ,ii sy ) = (6) 

where u(x, y, t) is a traveling wave solution of the nonlinear partial differential equation Eq. (6). We use the 
transformation, 

uGc,y,t) =fiq> (7) 
Where 

^ = (kx + y + ?±> (8) 
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wheret. and /. are real constants. This enables us to use the following changes: 

ft) = J ±C), f U = k±(3 ,f U = 

it al_ Sx d| By i% 



(9) 



Using Eq. (8) to transfer the nonlinear partial differential equation Eq. (6) to nonlinear ordinary differential 
equation 



}= 



(10) 



The order of the ordinary differential equation Eq.(10) can be reduced by integrating the equation 
providing that all the terms contain derivatives. The solutions of many nonlinear equations can be expressed in 
the form [9]: 

f© =atan'(p4) , 1^1 < ^ 

or in the form (11) 

fQ) =a ratf Q14) , 1^1 < — 

-!- L 



Where a ,,u, and p are parameters to be determined, (i is the wave number. We use 
fl£) =atan^( f i4) 

f'(4> = a p pi [tanP ~ 1 (u^ -I- tanP + 1 (fi^>] 

f '(4) = a ppi*[(p - 1) tanP _ Z 0i^> + 2p tanP + (p + 1) tanP +2 Qi^ )] 



(12) 



and their derivative. Or use 
ft£) = a cot^ (fic) 

f*0$=-ajiu [ cotP- 1 ( M ^)+ cotP + 1 (,i4)] 

f (g) = a (p - 1) co# - 2 Qi£) + 2p cotPQig) + CP + 1) cotP + 2 ( f i^)] 



(13) 



and so on. We substitute Eq.(12) or Eq.(13) into the reduced equation (10), balance the terms of the tan 
functions when Eq.(12) are used, and solve the resulting system of algebraic equations by using computerized 

symbolic packages. We next collect all the terms with the same power in tan^(fi^) and set to zero their 
coefficients to get a system of algebraic equations among the unknown 'sot , u. and P and solve the subsequent 
system. 

III. APPLICATIONS 

the Tan- Cot function method is implemented to solve four different types of nonlinear differential 
equations such as the Burgers, KdV-Burgers, coupled Burgers and the generalized time delayed Burgers' 
equations. 

3.1 One-dimensional Burgers' equation 

Consider the one-dimensional Burgers' equation which has the formfl]; 



lit- + £ u iijj — fa = 



(14) 



Where a. and do are arbitrary constants. In order to solve Eq. (14) by the Tan method, we use the wave 
transformation u(x, tj) = Mil), with wave variable z=(x + 7. t), Eq. (14) takes the form of an ordinary 
differential equation. 

All' -ffiU U'-co U" = (15) 
Integrating Eq. (15) once with respect to i; and setting the constant of integration to be zero, we obtain: 



JU + ; 6U S 

2 



■oo U = 



(16) 
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Seeking the solution in eq.(l 1) 

>.W(fi4> + - SKtan 2 ^^ - to p pi [tanP ~ 1 (uz) + tanP + 1 Cm4>] = 



(17) 



Equating the exponents and the coefficients of each pair of the tan functions we find the following algebraic 
system: 



2(3 = p + 1 -» p =1 

Substituting Eq. (18) into Eq. (17) to get: 

Then by substituting Eq.(19) into Eq.(12), the solution of equation (14) can be written in the form 

u(x, t) = ^r- tan (pi(x+Xt)) 

For u = a = l,oo = 0.5 , £ = 0.lEq.(20) becomes 

ufe.t) = 10 tan (x + t) 

3.2 KdV -Burgers' equation 

Another important example is the KdV-Burgers' equation [1], which can be written as 

lit + £ U U x - DO Ujuj + p u m = 



(18) 

(19) 

(20) 
(21) 

(22) 



Where a. , oo, and u are arbitrary constants. In order to solve Eq. (22) by the tan method, we use the wave 
transformation u(x., tD = U(c}, with wave variable % = (x + X t}, : Eq. (22) takes the form of an ordinary 
differential equation 

Mj' + - 2 £ (U 2 )' - ta U" + p U" = (23) 

Integrating Eq. (23) once with respect to £j and setting the constant of integration to be zero, we obtain: 

JU + ^£ U 2 - co U' + p U" - (24) 

Seeking the method in (12) 

\ W(m4> +-E atan^Qi^) -to p pi [fcmP ~ 1 Qi4) + tan^ + 1 (.[iz)] 4- p p|i 2 [(]3 - 1) tanP ~ 2 (pi£> + 
2p tanP Qi4> + (P + 1} tanP + 2 (uc )] = 



Equating the exponents and the coefficients of each pair of the tan function, we obtain 
2p = p-H 1 , so that p = 1 

Substitute (26) into (25) give the following system of equations 

% + 2pfi 3 = 

-£c — ca ii = 

i 

Then by solving system (27) to get: 
.'. = —2 p fi , -a = Z — 



(25) 



(26) 



(27) 



(28) 
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Then by substituting Eq.(28) into Eq.(12), the exact soli ton solution of the system of equation (22)can be written 
in the form 



u(x., t) = 2 — tan(u (x — 2 p u^t) ] 

For u = p = 1 , do = ,5 , £ = 0.1 Eq.(22) becomes 
u(x,t} = 10 tan(x - 2t) 



(29) 
(30) 



3.3 Coupled Burgers' equations 

The third instructive example is the homogeneous form of a coupled Burgers' equations [1]. We will 
consider the following system of equations 



Uf. — + 2 m iijj + £(u v } x = 
v t~ v xx + 2 vv x+r( uv )x = 



(31) 
(32) 



In order to solve Eqs. (31,32) by the tan method. We use the wave transformations u(x; t) = U(^) and v(x; t) 
V© with wave variable t, — (x + ?.t): Eqs. (31,32) take the form of ordinary differential equations 



1U -U + 2 UU + fi(UV] = 
XV' - V" + 2W' + y (UV}' = 



(33) 
(34) 



Integrating Eqs. (33,34) once with respect to i; and setting the constant of integration to zero, we obtain 



w- u' + U 2 + S UV = 
XV- V' + V 2 +yUV = 

Let : 

U = o. L tanMii^) 

U^ct^ii [tarA -1 (u:; + taiA + 

V' = a 2 p 2 ll [tan P » _ + tan p i + 1 Qi#] 

Substitute (37-38) and their derivatives then (35,36) become 

J.tanMii^)- p\ fi [taiA~ 1 Qifp -I- tan^ + + a 1 W^(fi4} + £a 2 tan^ + ^( f icJ = 

and 

J. tanMii^- p 2 pi [tan^ ~ + taiA + 1 (fic}] + a 2 tan 2 Mii4) +y aj_taii Jl+ ^Cficj) = 

Equating the exponents and the coefficients of each pair of the tan function, we obtain 

+ p\+B„ ,sothatp\ = 1 
P L +P : =?P : , so that ^ = 1 

Substitute 01 = 1, and 02 = 1 into (41), and (42) give the following system of equations 
— ll + a L + £ ctj = 
- u -I- a- -I- y fl,j_ = 

Solving system (43) then: 



(35) 
(36) 

(37) 
(38) 

(39) 
(40) 



(41) 



(42) 



tt i — 7 — rr pi ,0.2 — — 

1 [1-4T6 r ' * [1- 



li-7] 



(43) 



(44) 
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Then by substituting Eq.(44) into Eqs.(37), (38), the exact solution of the system of equations (31) and (32) can 
be written in the form 

qC *' ^ = S v t™ + ? - t} } (45) 

vCk ' ^ = ^ I 1 ^ 0(« + X t) ) (46) 
For fi = X = 1, 6 = y = 0.S 

u(x,t) = jtan(x + t) (47) 

v(x,t) = -tan(x + t) (48) 

3.4 Generalized time-delayed Burgers equation 

The time-delayed Burgers equation [1,8] is given by 

■tutt + ut +pu\ -u^j = (49) 

we use the wave transformation u(x, t) = U(-j) , with wave variable ; = (x + J.t], Eq. (49) takes the form of 
an ordinary differential equation 

2 1 - 1)U" + (p U a + ?.} U = (50) 
Seeking the method in (12), Eq. (50) becomes 

(X 3 x - l) a Pfi 3 [(p - 1) tanP ~ 2 (fii) + 2p tanP (fii) + (p + l>tanP + 2 >] + ( pa fl tan^ + 
a) a p fi [tad 3 ~ 1 (u:J + tanP + 1 ( f i£>] = 



(51) 



Equating the exponents and the coefficients of each pair of the tan function, we obtain 

0* i - l) fi [(p - 1} tanP _ Z Qi4) + 2p tanP (pi^l + (p + 1] tad 3 + 2 (^)] 

H- p otWP + P - HuiJ + p a 3 tan s P +" P +" 1 ( l 4) +■ a tad 3 ~ 
+ a tanP + = 



(52) 



Then: 

sp -I- p -I- 1 = p -I- 2 , so that p = j (53) 
Substitute (53) into (52) give 

a = [-^ (54) 
Then by substituting Eq.(54) into Eq.(12), the exact solution of equation (49) can be written in the form 

i 

uGt t) = [ 3 1 fi]* tan* (fi(x + A t} ) (55) 
Foru = /. = p — s — 1 , t — ,5,Eq.(55) becomes 

uGtt) = tan 6c + t) (56) 

IV. CONCLUSION 

In this paper, the tan-cot function method has been successfully implemented to establish new solitary wave 
solutions for various types of nonlinear PDEs. We can say that the proposed method can be extended to solve the problems 
of nonlinear partial differential equations which arising in the theory of solitons and other areas. 
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